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@ To derive the general one dimensional heat conduction
equation.

@ Reduce the above general equation to simple forms under
various restricted conditions.

@ To illustrate the variables of heat conduction—thermal
conductivity, and, thermal diffusivity.

@ To obtain the equations for heat conduction in terms of heat
transfer resistance, for heat transfer through flat plate, hollow
cylinder, and hollow sphere.
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@ Understand the general form of heat conduction equation.

@ Obtaining the heat conduction equation for a given set of
conditions, from the general form.

@ Deriving the equation of temperature profile for steady state
heat conduction—for flat plate, cylinder, sphere.
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One Dimensional Heat Conduction Equation

Insulated surface

Heat Heat
flow in — flow out
X Ix + Ax

Let us consider a volume element of thickness Ax and having an
area A normal to the coordinate axis x, as shown in the figure.
The energy balance equation for this volume element is given by:

Net rate of rate of rate of
heat gain by | + energy = increase of (1)
conduction generation internal energy

[ 1 S5
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One Dimensional Heat Conduction Equation (contd..)

The net rate of heat gain by the element by conduction is given by

| = (Aq)|, — (Aq)|,., A,

The rate of energy generation in the element having a volume
AAx is given by
Il = AAxg

where g = g(x, t) is the rate of energy generation per unit volume.
The rate of increase of internal energy of the internal energy of the
volume element resulting from the change of temperature with unit
time is given by
Nt

ot
(Note: Internal energy change is mCy A T; but for liquids and

solids, Cp = Cy). S5

1= AAx pCp
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One Dimensional Heat Conduction Equation (contd..)

Substituting for the quantities in Eqn.(1), and rearranging, we get

1 ((Aq)|X+AX i (Aq)lx) NSRS I )
A Ax AT T
As Ax — 0,
((ACI)’XJFAX n (Aq)‘x> i Q(A ) from the definition
Ax ==he # of derivative
oT .
And, g = —ka—. Therefore, the above equation becomes
X
1@ oT ; CHEL S
Rt | el — P i 2
A Bx (Akax>+g AT )

This is the general equation for one dimensional heat conduction.ssn
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One Dimensional Heat Conduction Equation

For Various Coordinates

Rectangular Coordinates:
Here, the area A does not vary with x. Hence, Eqn.(2) becomes,

GIAT R T )
o <kax) SEn BSkinan 1

Cylindrical Coordinates:
Here, x = r. Area, A=2nrL. i.e., A r. Hence, Eqn.(2)
becomes,

18( 8T>+ . OT(r,1)
e il s

Spherical Coordinates:
Here too, x = r. Area, A= 4nr?. i.e., A r?. Hence, Eqn.(2)

becomes, L
M Whor: A ! OT(r,t
s sl AL il eI e
r2 Or <r 8r> R ot SSN
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One Dimensional Heat Conduction Equation

Compact Equation

The above equations (rectangular / cylindrical / spherical
coordinates) can be written in a compact form, as below:

T2 O aT
rnar(f ké)r>+ngP8t (3)

where
0 for rectangular coordinates

n= < 1 for cylindrical coordinates
2 for spherical coordinates

And, in the rectangular coordinates system, it is customary to use
the variable x in place of r.
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One Dimensional Heat Conduction Equation

Special Cases
For constant thermal conductivity k, Eqn.(3) reduces to,
18(n6T>+1_ 10T
e s el B r'— . =l
r L e T

where

(07

= = thermal diffusivity of material, m?/s
pCp

For steady state heat conduction with energy sources within the
medium, Eqn.(3) reduces to,

FS el AN
rndr(' kdr>+g_0

and for the case of conduction with constant k,
LOlEr T
r dr dr kg iF SS”
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One Dimensional Heat Conduction Equation

Special Cases (contd..)

For steady state conduction, with no energy sources, and for

constant k,
d <,ndT> il
dr s
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Thermal Diffusvity («)

@ Thermal diffusivity is a measure of the transient thermal
response of a material to a change in temperature.

@ The larger the value of «, the faster will the heat diffuse
through the material and its temperature will change with
time.

@ This will result either due to a high value of conductivity k or
a low value of p, Cp.

@ Thermal diffusivity is a convenient collection of physical
properties for transient solutions of the heat equation.

@ Recollect about ‘kinematic viscosity' (v = /p), which is also
called as ‘momentum diffusivity’; and Dag. SS1?
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Thermal Diffusivity (contd..)

Material Thermal Diffusivity
(cm?/s) at 300 K

Copper 1.15

Aluminum 0.97

Stainless Steel (304) 0.042

Silicon Dioxide (Polycrystalline) | 0.0083

Water 0.0014

Polyvinyl Chloride (PVC) 0.0008

Alcohol 0.0007

Air 0.19

@ Metals and gases have relatively high value of thermal
diffusivity and their response to temperature changes is quite
rapid.
@ The non metallic solids and liquids respond slowly to
temperature changes because of their relatively small value ofssn
thermal diffusivity.
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[x10® m?/s]

Liquid thermal diffusivity
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One Dimensional Steady State Heat Conduction through

Flat Plate

13
Consider the system shown above. The top, bottom, front and
back of the cube are insulated, so that heat can be conducted
through the cube only in the x direction. In this special case, heat
flow is one dimensional. If sides were not insulated, heat flow could

be two or three dimensional.
Boundary conditions:

FE=i] Al ssn
F=T15 Al



Conduction through Flat Plate (contd..)

d(dT>_0
axa VoA o

e
alx -

Intergrating , we get

G (1)
Intergrating further, we get
T=Cx+ G (2)
Using the boundary condition at x = 0 gives
(€ =1k
And, from the boundary condition at x = L gives,

Ieite=0l
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Conduction through Flat Plate (contd..)

Substituting for C; in Eqn.(1), we get

dT ol
i 2T
From the definition of heat flux (as given by Fourier's law)
dT
Gl
Therefore,
qi_sz—Tl )
L I
TIPSk St kel o)
Q=qgA=KA T B
where
L
=l

R is called the thermal resistance of the flat plate for heat flow SSN
through an area of A across a temperature difference of T3 — To.
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One Dimensional Steady State Heat Conduction through
Cylindrical Surface

=1 atisir—ia
sE—1T5 gt =g
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Conduction through Cylindrical Surface (contd..)

d(”)_o
dr rar B

Intergrating , we get
dif=s

— =C
" ar 3
ie., = -
1
BB % ) il
dr r (&
Intergrating further, we get
T=GClnr+ G (2)

Using the boundary condition at r = a, b gives

T1:C1Ina+ C2 (3)
Toh=Clnb+ G (4ssn
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Conduction through Cylindrical Surface (contd..)

Eqn.(4) — Eqn.(3) = To—Ti=GC(lnb—1Ina)

Teailo
b E)
Using Eqn.(5) in Eqn.(1), we get
gl @ 1T —T,
dr — r  rlin(b/a)

T
From the definition of heat flux, g = —kj— And, from
r

Q = qA = q(2nrH), we get
ke et

e

where

__In(b/a)
2mkH
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One Dimensional Steady State Heat Conduction through
Spherical Surface

=T At =it
Tee= ity At i—tb SSN
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Conduction through Spherical Surface (contd..)

dT
2
—=C
f dr :
ie., B =
1
— == 1
dr r2 (1)
Intergrating further, we get
@
T = —71 LLHA (2)
Using the boundary condition at r = a, b gives
C
Ti=——+G (3)
a
G
[Py e (45512
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Conduction through Spherical Surface (contd..)

dT
From the definition of heat flux, ¢ = —k——, and from Eqn.(1), we

dr'
get
k ab
=——(T71 - T
S ey )
Amkab Tl—T2
= qA = g(4rr® = Ti—To)=
QA= gleneiie— ;0 (b—a)(l 2) 5
where
R_b—a
 4rkab SSN
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Heat Transfer Resistance - Generalization

Rate of heat conduction through any sort of surface, from
surface 1 to surface 2 can be given by

Wbl

i R

with =
R X

~ kAnm
where, Ax = thickness of surface through which heat is getting
transferred; and, A,, = mean heat transfer area.

A.m = arithmetic mean, for rectangular coordinates
Am =14 Am = logarithmic mean, for cylindrical coordinates
Agm = geometric mean, for spherical coordinates
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Heat Transfer Resistance (contd..)

For flat surface,
=g Auwifg i TATE 2t

= A
2 2

For cylindrical surface,

A ERI T AL EEAPN G 2ma bl SR EE) DriH (b= a) 2w HERE
S R AT AME | 2raHEI IR R RGH o) T = N bl )

A S ORbH

For spherical surface,

Am = Agm =V A1A2 = 4/ (471'32)(47Tb2) = 4rmab
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During steady one-dimensional heat conduction in a spherical (or
cylindrical) container, the rate of heat transfer (Q) remains
constant, but the heat flux (gq) decreases with increasing radius.
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Temperature profile for one dimensional heat flow

(T, > T, and b> a)

Flat plate
X
T)'= (o= Tl)z il

Cylinder:

e ==t In(r/a)

T2 = Tl In(b/a)

Sphere:

a b—r b r—a

LT et il :
(r) r b—a 1+r b—a T2
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Temperature Profile for One Dimensional Steady State

Heat Conduction

@ For flow across flat surfaces: T vs. x is linear;
dT

X

@ For flow across cylindrical surfaces: T vs. Inr is linear;
@1F el

= (x =
drtiH g

o For flow across spherical surfaces: T vs. 1/r is linear;
LT =

Lae
dr r2

= constant.
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Temperature Profile for One Dimensional Steady State

Heat Conduction (contd..)

Temperature (°C])

%0
——Flat plate
80 = Cylinder
Sphere
70
60
50
40
30
80 85 90 95 100 105 110

Radius (mm)
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The one-dimensional unsteady heat conduction equation is

arT 19 ar
pCp—or = — 7= | ko=
at i dr dr
where T' - temperature, t - time, r - radial position, k - thermal conductivity, p - density,
and Cp - specific heat.

7-12)

For the cylindrical coordinate system, the value of n in the above equation is (G-2017

(a) 0 (b) 1 (c) 2 (d) 3
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(b) v' Explanation: n =1 for eylindrical coordinate system.

n = 2 for spherical; and 0 for rectangular coordinate systems. And, r will be replaced
with z for rectangular system. O
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The heat flux (from outside to inside) across an insulating wall with thermal conductivity
k =0.04 W/m.K and thickness 0.16 m is 10 W/m?. The temperature of the inside wall
is —5°C. The outside wall temperature is (G-2001-2.11)

(a) 25°C (b) 30°C (c) 35°C (d) 40°C
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: . AT o 10 % 0.16 o
(c}. v' Explanation: q= kﬁ = AT = —o0d = 40°C.
Therefore outside temperature = —5 + 40 = 35°C. O
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A stagnant liquid film of 0.4 mm thickness is held between two parallel plates. The top
plate is maintained at 40°C and the bottom plate is maintained at 30°C. If the thermal
conductivity of the liquid is 0.14 W/(m.K), then the steady state heat flux (in W/m?)
assuming one dimensional heat transfer is (G-2006-10)

(a) 35 (b) 350 (c) 3500 (d) 7000
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(c) v Explanation: Heat flux (g) is given by

AT (40— 30)
— ke —0lax L
1= "Aa ¥ 0.4x 103

A — 3500 W /m? m|
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A circular tube of outer diameter 5 em and inner diameter 4 em is used to convey hot
fluid. The inner surface of the wall of the tube is at a temperature of 80°C, while the
outer surface of the wall of the tube is at 25°C. What is the rate of heat transport across
the tube wall per meter length of the tube of steady state, if the thermal conductivity
of the tube wall is 10 W/(m.K) 7 (G-2005-58)

(a) 13823 W/m (b) 15487 W /m (e) 17279 W/m (d) 27646 W /m
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(b) v' Explanation: Rate of heat loss (Q) is given by

Q= kA¥

2rL(r, —r;)

For the cylindrical tube, A = Ay = ~. Therefore, for unit length of pipe,

In(ry/r;)

k2m(ro—m) AT 10 x 271
11‘1{?'0',.-'.7‘3) To — T - lrl{ﬁﬁﬂl

Q= % (80 — 25) = 15487 W/m O
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The left face of a one dimensional slab of thickness 0.2 m is maintained at 80°C and the
right face is exposed to air at 30°C. The thermal conductivity of the slab is 1.2 W/(m.K)
and the heat transfer coefficient from the right face is 10 W/(m?.K). At steady state,
the temperature of the right face in °C is (G-2004-58)

(a) 77.2 (b) 71.2 (c) 63.8 (d) 48.7
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(d) v' Explanation:

80°C T

30°C

0.2 m

At steady state, rate of heat transfer by conduction through the slap is equal to the rate
of heat transfer by convection in the air. i.e.,

AT,
ko =hAT,

Substituting the known data, we get
1.2x (80—1T)
0.2
Solving, we get T = 48.7°C.

=10 x (T — 30)
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A layer of insulation is applied on a spherical metallic tank containing a eryogenic liquid.

The

(a)
(b)
(c)

(d)

rate of heat leakage into the tank
always decreases with increase in insulation thickness

increases with insulation thickness and remains constant beyond a eritical thickness

may increase up to a thickness and then decreases, depending upon the thermal
conductivity of the insulating material

may increase up to a thickness and then decrease depending upon the thermal
conductivity of the metal

S577
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Three Dimensional Geometries
Rectangular plate
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Three Dimensional Geometries
Cylinder
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Three Dimensional Geometries
Sphere

rsing dg
\

T~

\ rsin(@+dd) dg
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Three Dimensional Heat Flow (contd..))

Rectangular (Cartesian) coordinates:

B i o5 5 o2
O ey 2Rt e

191
o Ot

g
k
Cylindrical coordinates:

ol e o
ror \_ Or r2 062 Oz LRI E o Bt

The objective of deriving the heat diffusion equation is to
determine the temperature distribution within the conducting body.
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Boundary and Initial Conditions

We have set up a differential equation, with T as the dependent
variable. The solution will give us T(x,y, z). Solution depends on
boundary conditions (BC) and initial conditions (IC).

How many BC’s and IC’s? Heat equation is second order in
spatial coordinate. Hence, 2 BC's are needed for each coordinate.

@ 1D problem: 2 BC in x-direction.
@ 2D problem: 2 BC in x-direction, 2 in y-direction.
@ 3D problem: 2 in x-dir., 2 in y-dir., and 2 in z-dir.

Heat equation is first order in time. Hence one IC needed.
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Questions for Practice

1. Starting from general one dimensional heat conduction
equation, obtain the following expressions, for steady state
heat transfer through flat plate.

AtHa—()SNETE—SE o n d-S aEHE— S i VA/ith
T > To.

T(x)—T1 et

=T £

2. Starting from general one dimensional heat conduction
equation, obtain the following expressions, for steady state
heat transfer through cylindrical shell.

A== NS = R Gl S a e r 87 L e — Lo RV VT
Ti > Ts,and n >r. Q= gA.
(8) T(N =22 (2)+ 7,

(b) T(r)= qj:ﬂ ( )+T1
(9 T(r)— Ty i In(r/n) ssn

T2 e T1 |n(r2/r1)
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Questions for Practice (contd..)

3. Obtain the following for spherical shell, with the conditions as

above:
2

qin 1_1
ORIGE k2|n<r r2>+T2

Gry (1 1
UolklA(A= T In(r r1>+T1

)

1S e e i

W e

r n
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